Abstract. Let p be an odd prime and let n be a positive integer. For any positive integer α and m ∈ {1, 2, 3}, we have
where (x) k = x(x + 1) · · · (x + k − 1) and · · denotes the Legendre symbol. Also, when m = 4,
Introduction
In [2] , Aktin and Swinnerton-Dyer systematically investigated the arithmetic properties of the Fourier coefficients of noncongruence modular forms. They observed that if Γ is a noncongruence subgroup of SL 2 (Z) with a finite index and k ≥ 2 is even, then for some good primes p, there exists a basis {f i } 1≤i≤d of S k (Γ), where d = dim S k (Γ), such that for each 1 ≤ i ≤ d and α ≥ 1,
where λ p,i is an algebraic integer with |λ p,i | ≤ 2p
2 , a n (f ) denotes the n-th coefficients in the Fourier expansion of f (z) and a x (f ) = 0 if x ∈ Z. Subsequently, the work of Aktin and Swinnerton-Dyer was greatly developed by Scholl in [9] .
Nowadays, for a sequence {a n } n≥0 of integers, the congruence of the form
is also often called Atkin and Swinnerton-Dyer type congruence, where p is a prime and k, r ≥ 1. The Atkin and Swinnerton-Dyer type congruences have be established for many combinatorial sequences. For examples, Beukers [5] proved that the Apéry number
which was used to prove the irrationality of ζ(3) = n≥1 n −3 by Apéry, satisfies the Atkin and Swinnerton-Dyer type congruence
where p ≥ 5 is prime and α ≥ 1. Another example due to Coster and Hamme is concerning the Legendre polynomial
Coster and Hamme [4] proved that if the elliptic curve y 2 = x(x 2 + Ax + B) has the complex multiplication, then the sequence {P n (z)} n≥0 , where z = (1 − A/ √ A 2 − 4B)/2, obeys some Atkin and Swinnerton-Dyer type congruences. In [6] , Li and Long gave a nice survey on the Atkin and Swinnerton-Dyer congruences. For more related results, the reader may refer to [10, 8] . In particular, recently Sun [13] proposed many conjectured Atkin and Swinnerton-Dyer type congruences.
On the other hand, define the truncated hypergeometric function
Clearly the truncated hypergeometric function is just a finite analogue of the original hypergeometric function. Recently the arithmetic properties of the truncated hypergeometric functions are widely studied. In this paper, we shall consider the simplest truncated hypergeometric function
For each non-zero integer m, as a consequence of , for each odd prime p we have
where · · denotes the Legendre symbol. In fact, (1.2) also easily follows from that
In [11] , Sun extended (1.2) to
where the Lucas sequence {u n (A, B)} n≥0 is given by
Recently, Sun [13] also obtained an Atkin and Swinnerton-Dyer type generalization of (1.3):
Clearly (1.3) easily follows from (1.4) by substituting α = 1 and n = 1. It is natural to ask whether in (1.4) modulo p α+1 can be replaced by p 2α . Unfortunately, seemingly it is not easy to get such an extension for general m. However, in this paper, for m = 1, 2, 3, we shall prove that Theorem 1.1. Let p be an odd prime and let n be a positive integer. If m ∈ {1, 2, 3}, then for any positive integer α,
Furthermore, when m = 4,
We mention that the special case m = α = 1 of (1.5) was also conjectured by Apagodu and Zeilberger [1] and proved by Liu [7] .
Let us give an explanation on (1.5) from the viewpoint of convergent series. We know that
for any z ∈ C with |z| ≤ 1. However, since (
) k /k! is not divisible by p for infinitely many k, the series (1.7) can't be convergent in the sense of p-adic norm. Let
Then (1.5) says that for each n ≥ 1, both {S np 2α } α≥0 and {S np 2α−1 } α≥1 are rapidly convergent subsequences of {S m } m≥0 in the sense of p-adic norm. Throughout this paper, we will show several lemmas in Sections 2. Theorem 1.1 will be proved in Sections 3.
Some Lemmas
Lemma 2.1. For any nonnegative integer k, n and α, we have
here (2.3) is the Lemma2(i) in F. Beukers' paper [3] . The following curious identity is due to Sun and Taurso: 
Lemma 2.3. Let p > 2 be a prime. For any nonnegative integer α , s with α ≥ s, then we have
Proof.
(
here ⌊k/p s ⌋=l ′ denotes the sum of k with p ∤ k.
Proof. Let m be an integer . We first assume that the following congruence is right.
Here we take s, (l + 1 − p α−s n) instead of α, n in (2.5), then (2.4) is done.
Next we will prove (2.5). On the one hand, we split the sum into a sum with p ∤ k and one with k = lp, 6) with the help of Lemma 2.1(i) and u pl (m − 2, 1) = (
On the other hand, with the help of Lemma 2.1(iii), then we get
we may assume s ≥ 1 in Lemma 2.4. Clearly, we proceed by induction, that for s = 1, 2, . . . , r − 1, (2.4) is right.
We apply Lemma2.1 with s − 1, 1 instead of α, n, then
Repeat this process s − 1 times as (2.9), then 
we are done. Because
At last, with the help of Lemma 2.3 and the following congruence
Lemma 2.4 with m = 2 is concluded because
When m = 3, (2.11) can be proved similarly, with the help of Lemma 2.3, then we have where the last step we used Lemma 2.4 with l = 0.
